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Abstract In this article, a stress-based model is proposed

to investigate the strength evolution during severe plastic

deformation (SPD) or large strains. In this model, the work

hardening mechanisms are described by Frank-Read sour-

ces, while the cross-slip and climb processes are considered

as the mechanisms for work softening phenomenon. Within

all SPD processes, one of corrugation processes such as

constrained groove pressing is chosen to assess the validity

of the model predictions. The model predictions are in

agreement with the earlier reports and the experimental

results achieved in this study.

Introduction

The prediction of material properties with the aid of com-

puter simulations offers low time prototyping and low cost

process development in industrial processes [1–3]. Thus,

numerical simulations are nowadays commonly used in

industry for the setting of the forming technologies

concerning new parts products, and several commercial

computer codes are available for this purpose [4]. During the

past few years, intensive works have been carried out to

obtain the most reliable numerical tools for improving

simulations of sheet metal forming operations [4] and hence,

finite-element method (FEM) has become a very useful tool

for engineers and scientists [1]. However, the theory of FEM

is based on constitutive equations and usually isotropic or

perfectly plastic relations are considered as constitutive

equations in FEM simulations [1]. Using this assumption, it

is not possible to make predictions with sufficient accuracy

[1], because strain hardening is an important parameter that

describes the plastic behavior of polycrystalline materials

and it can strongly affect plastic flow localization, fracture,

and other phenomena that involve plastic deformation [5].

Also, in some developed commercial FEM codes, simple

empirical work hardening descriptions are used, which often

give a remarkably good fit to the measured data [6], but as

well as these empirical relations are usually compatible for

small magnitude of deformations, this consideration does

not allow any extrapolation beyond the range of experi-

mentally examined deformation conditions [1, 7]. The best

way to reform the FEM simulations to be applicable for wide

range of conditions is linking this approach by the work

hardening models based on physical assumptions, which

were derived by theory and proved by experiments [1]. Thus,

it is mandatory to use true internal state variables of the

material to present the flow behavior of materials for a wide

range of strains, strain rates, temperatures, and material

chemistry [8]. Within the proposed internal state variables,

dislocations are important factors in controlling the

mechanical properties and there have been numerous

attempts with limited success in the past to model the flow

behavior of materials based on dislocation concepts [6–8]. It

should be noted that in general, a proper model should be

able to predict the flow behavior of materials in terms of

internal variables, based on the special physical mechanisms

[9]. However as cited in following, most of presented models

considered some pure mathematical terms that do not related

to specific mechanism in materials [6, 10] and it seems that

more scientific work is required.

In order to model the wok hardening and softening, in

primary attempts, the overall dislocation density was used

(one-parameter models) as internal variable [11]. But, an
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application to a wide range of strains, strain rates, and

temperatures turned out to be difficult with a single mate-

rial parameter [7]. Many investigations in the last two

decades clearly showed the occurrence of two new uni-

versal hardening stages (IV, V) for both low and high

deformation temperatures [12]. While the first exhibits a

steady hardening behavior similar to stage II, the second

approaches and includes a steady-state deformation where

both the flow stress as well as the dislocation density

remains constant [10]. However, it has been shown by

several theoretical treatises that these models fail in

describing these two stages [12].

Two separate dislocation densities models (two-param-

eter models) were commended after one-parameter models

[13, 14]. Rather, from the heterogeneous character of

microstructure, which typically develops at strains larger

than true strain e = 0.1 [12], it can be ascertained the

material can be treated as a two-phase composites con-

sisting of cell walls of high dislocation density and cell

interiors with relatively low dislocation density [10, 15].

Thus in these models, the dislocation densities in cell

interiors and cell walls are treated separately [7, 10]. In the

models, simple physical descriptions are used for increas-

ing of the dislocation densities [16]; however, for

decreasing of the dislocation densities no special physical

consideration is considered and thus the later phenomenon

appears in form of mathematical constants [17]. Although

these models often give a remarkably good fit to experi-

mental data for large broad of strain and strain rate [16], the

mathematically determined constants cannot be usable for

conditions where the temperature and material type are

changed [1, 7]. In other words, since the determined con-

stants are not based on the physical or metallurgical

concepts and just achieved on the basis of mathematical

fitting, they are not reliable to be used for the other con-

ditions. However, as these models are the unique ones that

can investigate the flow behavior of materials through large

strains, it seems that more investigations, especially on

the decreasing of the dislocation densities, are required to

study the flow behavior of material in large deformation for

larger broad of temperatures and material chemistries.

Three separate dislocation densities are distinguished in

three-parameter models [6]. The third internal variable is

the density of mobile dislocations, which carry the plastic

strain [7]. Although these models can investigate the flow

behavior of materials by completely physical consider-

ations [18], they cannot consider screw dislocations and

hence are only valid for high-temperature deformation [6].

It is worth to note that no attempt is carried out to examine

these models for large deformations at neither low tem-

peratures nor high temperatures. Because in high degree

of strains the role of screw dislocations becomes more

important.

Here, considering the dislocation densities evolutions, a

stress-based model is proposed that based on thoroughly

physical concepts, which considers the effects of stress

field in materials on dislocation interactions and the

parameters such as material chemistry, temperature, etc.

This approach, which is simple in its mathematical form

and, notably, contains a relatively small number of

adjustable material parameters, treats flow hardening in

materials process to high degree of strains.

Severe plastic deformation (SPD) is one of the most

common methods for introducing large magnitude of

deformation [19–26]. The SPD processes are frequently

used for producing ultrafine-grained materials with high

strength and acceptable ductility [14, 20, 21, 27, 28]. SPD

processes are involved different methods such as equal

channel angular pressing [29–32], high-pressure torsion

(HPT) [14, 33], accumulative roll bonding (ARB) [34, 35],

repetitive corrugation and straightening (RCS) [27], con-

strained groove rolling (CGR) [36], constrained groove

pressing (CGP) [37], and so on. Within these methods, the

first two methods are related to bulk deformation process

and have investigated in previous works by both mechan-

ical and metallurgical models [13, 14, 16, 30, 38].

However, a limited metallurgical modeling works have

been carried out on the processes related to the SPD of

sheets. Considering the last four processes that are appli-

cable to sheets, ARB involves repetitive bonding between

two rolled plates, which may cause imperfect bonding in

the material, leading to the reduction of product mechani-

cal properties [24]. Thus, the ARB is less considered

feasible for SPD of sheet metals. The RCS process that is

consist of unconstrained corrugation and straightening

introduces some elongation to the specimen [27], causing

strain inhomogeneity in the sheets. In the CGR process,

deformation is applied by rolling mechanism [36], which

may create additional tensile strain in the specimen due to

bending strain condition, leading to crack nucleation and

growth. In the CGP, the strain is imposed by means of non-

round die in a constrained condition; therefore, no signif-

icant strain inhomogeneity or bending strain occurs [24],

and in this study the inhomogeneity is ignored.

The principle of CGP is subjecting a sheet to a large

amount of plastic shear deformation with asymmetrically

grooved and flat dies pressing, alternatively [39]. The gap

between the upper die and the lower die is the same as the

sample thickness, and mechanical analysis shows that

deformation occurs in plane strain pure shear condition

[39]. Therefore, in this article the CGP process is chosen

to investigate the validity of stress-based model. The

studied material is commercially pure copper. Therefore,

the process is performed experimentally and the achieved

results are compared with the modeling results at different

passes.
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Stress-based model

Concept

The model proposed in this article can be applied to pure

materials that, with progressing the strain, a cell structure

develops consisting of cell walls of high strength and cell

interiors of low strength. For investigating the strength

evolution, dislocation reactions in both phases and their

effects on strength of cell interiors and cell walls and over

all strength are regarded. Increasing in the strength is

related to increasing the dislocation densities due to Frank-

Read source, and decreasing mechanism of strength is

dynamic recovery. In addition, the effect of dislocation

transition from cell interiors to cell walls and also the

effects of stress field in cell interiors on the strength evo-

lution are considered. Moreover, it is assumed that the

major relaxation of material in cell interiors and cell walls

are related to annihilation of screw dislocations and edge

dislocations, respectively [40–42]. Here, polycrystal

behavior is introduced by the average Taylor factor (M)

[7].

The model

Considering the material as two phases composite and the

mixture rule, the following relation can be written [16]:

r ¼ f rw þ ð1� f Þrc; ð1Þ

where r, rc, rw are strengths of over all, cell interiors, and

cell walls, respectively, and parameter f defines the volume

fraction of cell walls. The cell walls volume fraction varies

with the accumulation of strain and has been shown to

either decrease with strain monotonically to a saturated

value [11, 43], or first increase with accumulated strain and

then decrease with strain monotonically [30]. From the

experimental data on copper, the variation of the volume

fraction of the walls with the shear strain is estimated by

the following relationship [10]:

f ¼ fsat þ fini � fsatð Þ exp � e
g1

� �
; ð2Þ

where fini is the initial volume fraction, fsat is the saturated

value, e is the shear strain, and g1 is a numerical constant.

The strength in each phase is consisted of two sections:

ri ¼ ri
thermal þ ri

athermal; i ¼ w,c, ð3Þ

where ri
thermal is the stress related to lattice friction and

solute content that considered to be temperature dependent,

and ri
athermal is the stress mainly related to dislocation

interaction through [44]:

ri
athermal /

1

Ki ; i ¼ w; c, ð4Þ

where Ki is the average distance between dislocations in

each phase and is inversely proportional to the square root

of dislocation density in that phase. Therefore, it can be

assumed:

r ¼ rthermal þ rathermal

¼ rthermal þ f rw
athermal þ ð1� f Þrc

athermal

� �
: ð5Þ

Hence, considering the strength evolutions in the phases,

it is possible to study the over all strength variation through

straining.

Athermal strength evolution in the cell interiors can be

defined as:

drc
athermal

dt
¼ drc

athermal

dt

� �þ
þ drc

athermal

dt

� ��
; ð6Þ

where the first term represents the work hardening phe-

nomenon and the second one represents the work soft-

ening phenomenon. Regarding the dislocation interactions

[10] in the cell interiors, the above-mentioned equation can

be described as:

drc
athermal

dt
¼ P1alM2

2
ffiffiffi
3
p � r

w
athermal

rc
athermal

_e

� �

� 3P2a2l2M3b

K
� rathermal

ð1� f Þ1=3rc
athermal

_e

 !

�
�

C1m0lM2

2w
�
�

exp

�
� Qcs

KbT

�
1� rc

athermal

Ml

��

� exp

�
� Qcs

KbT

���
; ð7Þ

where P1, P2 are the probability constants that are

identified in Refs [13, 16], l, b, _e; and T are the shear

modulus, the magnitude of Burgers vector, the strain rate,

and the absolute temperature, respectively. Also, m0 and w

are the frequency of annihilation attempts and length of a

potential site for annihilation of screw dislocations and, Qcs

and Kb are the activation enthalpy of cross-slip and

Boltzmann’s constant, respectively. The parameter C1 is

a numerical constant and K defines as:

K ¼ rathermal � d; ð8Þ

where d is the cell size. Prior works showed that K is a

function of strain through [14, 45]:

K ¼ Ksat þ Kini � Ksatð Þ exp �g2eð Þ; ð9Þ

where Kini is the initially value of K, and Ksat is the satu-

rated value of K. Also, g2 is a numerical constant.

1214 J Mater Sci (2009) 44:1212–1218

123



The three terms on the right-hand side of Eq. 7 are the

contributions from different mechanisms. The first one is

related to the effect of dislocation generation due to Frank-

Read sources at the interface of cells. The second term

describes the softening in cell interiors caused by the dis-

location transition from the cell interiors to the cell walls,

and the last term describes dynamic recovery in cell inte-

riors that assumed to occur through cross-slip of screw

dislocations [16]. Third term shows that increasing the

stress field in cell interiors causes accelerating the kinetics

of softening.

In similar way, athermal strength evolution in the cell

walls can be defined as:

drw
athermal

dt
¼ drw

athermal

dt

� �þ
þ drw

athermal

dt

� ��
; ð10Þ

drw
athermal

dt
¼ 3P2a2l2M3b

K
� ð1� f Þ2=3rathermal

f rw
athermal

_e

 !

þ
ffiffiffi
3
p

P2alM2

2
� ð1� f Þ

f
_e

� �

� C2bDL

2KbTla2M2
� rw

athermal

� �3

� �
; ð11Þ

where DL is the lattice diffusivity and C2 is a numerical

constant.

The first term on the right-hand side of Eq. 11 represents

the effect of the dislocation flux coming from the cell

interiors, second term is related to the effect of Frank-Read

activity in cell walls interfaces, and the last term describes

dynamic recovery in cell walls that assumed to occur

through climb of edge dislocations [16].

Solving these equations with proper initial conditions

can predict the evolution of strength during forming pro-

cess. It should be noted that this model is physical base and

has a low number of mathematical constants in comparison

with other similar mentioned-models.

Modeling procedure

In order to assess the validity of the model, it is applied on

the CGP process of copper sheets. Considering the pre-

sented model, the set of differential equations can be

solved for a defined strain rate field.

Mechanical analysis shows that the shear-strain rate in

each stage can be calculated through the following equa-

tion (see Fig. 1):

_exy ¼ _eyx ¼
1

2

o _Ux

oy
þ o _Uy

ox

� �
¼ 1

2

d _Uy

dx
� 1

2

V0

t0

; ð12Þ

where, _Ux and _Uy are the velocity vectors in x and y

directions, respectively, V0 is the crosshead speed, and t0 is

the sheet thickness. Then, considering the CGP process as a

plane strain process, the Von-Mises strain rate can be

computed by:

�_eMises �
1ffiffiffi
3
p V0

t0
: ð13Þ

All of the model parameters and constants used in the

present model are summarized in Table 1. The mentioned

set of differential equations is solved numerically by finite

difference method and the outcomes are presented in

‘‘Results and discussion’’ section.

Experimental material and procedures

The material used in this study was commercial purity

(99.5%) copper sheets. The dimension of the CGP samples

was 90 9 60 9 3 mm3. Before CGP, all samples were

annealed at 1023 K for 3 h and then the samples were

processed at room temperature from one to three passes.

Each pass of this process was consisted of four stages and

the process was carried out by two pair of dies. The

schematic of corrugating die and flattening die are pre-

sented in Fig. 1a and b. At first stage, the flat copper sheet

(Fig. 1c) became corrugated (Fig. 1d) by the corrugating

die and then the flattening die flattened the corrugated sheet

(Fig. 1e). It is worth to note in this stage, the sheet was

consisted of two sections with 0 and 1.15 strains. In order

to homogenize the magnitude of strain, the sheet was

rotated for 180� around it normal axis and then the above

stages were repeated (Fig. 1f, g). Therefore, at the end of

fourth stage, the sheet has a uniform strain magnitude of

1.15. The practically processed sample of Fig. 1f can be

observed in Fig. 1h.

All of the passes were carried out using a pressing

machine with a ram speed of 0.15 mm s-1. According

ASTM E8M standard tensile tests were performed on the

specimens with gage length of 32 mm, width of 6 mm, and

thickness of 3 mm using a tensile testing machine at a

crosshead speed of 0.15 mm s-1.

Results and discussion

From the above-mentioned model, the athermal strengths

within the cell interiors, rc
athermal; and cell walls, rw

athermal;

are calculated and presented in Figs. 2 and 3.

Through the first CGP pass, the model predicts a rapid

increase in the athermal strength of both cell interiors and

cell walls from the initial magnitudes to the magnitudes of

105 and 520 MPa, respectively. In following passes, the

athermal strength of the cell walls is increased continu-

ously with low rate and reaches to 610 MPa at the end of
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pressing (Fig. 2). This prediction shows that the work

hardening mechanisms in the cell walls are predominant in

comparison with work softening mechanisms through all

passes. An analogues trend was predicted for dislocation

density in cell walls for Al by McKenzie et al. [16] and also

reported in some earlier experimental studies [14] on other

SPD processes.

As it can be seen in Fig. 3, the athermal strength of cell

interiors reaches to a saturation magnitude, and then a little

drop is predicted at last passes. This dropping in the athermal

strength of cell interiors shows that work softening is pre-

dominant after first pass. Work softening mechanisms in the

cell interiors after first pass are a transformation stage of cells

that cause to formation of cells with low dislocation density,

as well as dynamic recovery. Evidence of occurring this

transformation reported through TEM observation by

Krishnaiah et al. [39] worked on Al processed by CGP. In

addition, this is confirmed by the measurements of disloca-

tion density carried out for severely deformed copper in HPT

[14]. It is interesting to note that this phenomenon was pre-

dicted in only some versions of two internal variables models

that applied on SPD process [14, 45] and in most of them that

assumed an inversely linear relation between cell size and

square root of dislocation density [16], this phenomenon was

unpredictable.

However, as can be seen in Fig. 4 the overall strength

through tensile test is increased rapidly to a value of

215 MPa in first pass and then it reaches to a saturation

value with small drop at the end of process. These results

show that through deformation before first pass, work

softening mechanisms cannot soften the material; however

after first pass, the softening mechanisms are predominant

and the material is softened. The validity of the predicted

results is checked by the experimental strength and as

Fig. 1 Schematic of CGP dies

(a, b), CGP process stages

(c–g), and practically processed

sheet in stage f (h)
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can bee seen, a remarkable agreement between them is

obtained. It should be noted that the magnitudes of

the strength illustrated in Fig. 4 are in agreement with

the reported data on CGP process of copper sheets by

Krishnaiah et al. [39].

By comparing the strengths of copper processed by CGP

with that processed by the other SPD processes [3, 23], it

can be found that the strength of copper processed by CGP

is lower. This difference mainly arises from the difference

between the deformation paths of the processes. Also, it

should be considered that for the sheet metals, free surface

to volume ratio is larger than that of bulk materials and

since free surface can act as dislocation annihilator [46], so

it is reasonable to observe higher dislocation annihilation in

sheets. Considering these topics, it is logical to observe

lower strength in copper sheets processed by CGP.

Conclusions

In this study, considering the dislocation evolution mech-

anisms, a stress-based model is proposed to investigate the

evolution of the strength during large deformation magni-

tude. The process of CGP is chosen as an experimental

process to introduce a large magnitude of deformation. The

model predicts that the strength is increased in both cell

Table 1 The values of

parameters and constants used

in the model [10, 13, 14, 16, 38,

45, 47–49]

Brief description of parameter Abbreviation Value

Probability constant of cell interiors P1 0.0024

Probability constant of cell walls P2 0.0054

Magnitude of the Burgers vector for Cu (m) b 2.56 9 10-10

Initial cell interiors strength (MPa) rc
athermal;t¼0 36.9

Initial cell walls strength (MPa) rw
athermal;t¼0 82.5

Constant in the dynamic recovery term for cell interiors C1 1 9 1016

Constant in the dynamic recovery term for cell walls C2 1 9 1019

Initial value of cell walls volume fraction fini 0.25

Saturated value of cell walls volume fraction fsat 0.07

Numerical constant g1 3.2

Initial value of K (MN m-1) Kini 115.43

Saturated value of K (MN m-1) Ksat 49.46

Numerical constant g2 0.79

Taylor factor M 3.06

Weight of the dislocation interactions a 0.25

Shear modulus (GPa) l 42.1

Lattice friction stress (MPa) rthermal 25

Boltzmann’s constant (J K-1) Kb 1.38 9 10-23

Activation enthalpy of cross-slip (J) Qcs 6.24 9 10-19

Lattice diffusivity (m2 s-1) DL 3.33 9 10-38

Frequency of annihilation attempts (s-1) m0 1 9 109

Length of a potential site for annihilation of screw dislocations (m) w 1000b

Fig. 2 The athermal strength in the cell walls versus pass number Fig. 3 The athermal strength in the cell interiors versus pass number
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interiors and cell walls through first pass. Then the strength

in the cell walls is increased continuously, but the strength

in cell interiors shows a little drop.

In addition, the model predicts a drop in the overall

strength after a rapid increase in first pass. This trend

describes a competition between work hardening and work

softening mechanisms. During first pressing, the work

hardening mechanisms are predominant; however, in fol-

lowing passes the work softening mechanisms are

predominant. Also, the results obtained by the experiment

show a remarkable good agreement with the modeling

results.
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